Over 180.000 hypothetical long-period comets with orbits of random orientation are sent through a solar system havmg but on~ planet~ Alon~ ea~h o:bit is computed the chang/" in the comet's total energy caused by.the ~Ianet-comet. mt~rac~lOn. DlstnbutlOns of this quantity are presented wherein the comets' peri helion distances and mchnatlOns are both specified. These changes for retroo-rade comets are found to be largest when their perihelion distance is near zero, but for direct comets the~e is a ma;;imum effect wben ~he come~s' pe?heli~n distances are comparable with the orbital radius of the planet. The one-planet case ~s solved m.a dlmenslO?les~ w~y. so that s~mple scaling factors allow the solution to be applied to any number f planets m calculatl.ng mdlvldual orbIts. However, the distribution in changes of energy with planets !"ferc~ry .to ~eptune mcluded. is shown to be practically the same as when Jupiter alone is considered. The dlstnbutlOns are symmetrIcal about zero but are clearly non-Gaussian in shape. At moderately large values of the .energy change U, the number of such changes falls off as 1/ I u 1 3 • The predicted distribution agrees well With the values found for known long-period comets.
I. INTRODUCTION
GRAVITATIONAL attractions to the several . planets alter the total energy of comets during their passage. There are many examples where a comet entering on a nearly parabolic orbit (total energy practically zero) has interacted with Jupiter with a gai~ III total energy for the comet so that its future orbit is hyperbolic. Such a comet cannot return but other comets lose energy and their future orbits ;re elliptical.
Most previous calculations in this field treat in detail the changes in energy experienced by particular comets. For this purpose, olle starts with the orbital elements in the vicinity of the sun (the osculating elements) and figures forward or backward in time to find the elements of the future or past orbit. The historic methods of En~k~ or C~well may be used to trace the perturbed ?rblt III det~ll, and such detail is necessary for predict mg the orbits and ephemerides of returning periodic comets. However, these methods are unnecessarilv complicated if only the change in total enercrv is sought. From this quantity alone one knows wh':;ther the comet will return, and if so, at what intervals. Specialized solutions for this purpose have been given by Stromgren (1914) , and these have been applied and dev~l?ped by . Makover (1955) , Sekanina (1966a,b) , Gahbma (1958) , and others. Bilo and van de Hulst (1960) give an excellent review of this problem.
Studies using hypothetical comets can give over-all distributions of the expected energy changes. The problem is first solved for a solar system having a single planet a?d for comets whose initial orbits are parabolic, but takmg account of all possible orientations of the comets' orbits, their perihelion distances, and times of p~ssage. A start on the problem was made by van Woerkom (1948) who averaged a number of random orbits, and a more extensive study by Kerr (1961) formed distributions from about 14000 orbits, sorting these acco:"ding to perihelion distance. The present pa~er conSIders over 180 000 hypothetical comets with orbIts randomly distributed. Distributions are formed wherein both the perihelion distance and the inclination are specified. Then the effects of all 8 planets, Mercury to Neptune, are considered and the expected distri but.ions are derived for the actual solar system.
The present work is a continuation of two studies of comet distributions by the author: Everhart (1967a and 1967b) , hereinafter to be called Papers I and II. These papers allow for observational selection and find in trinsic distributions of comets according to their perihelion distance, absolute magnitude, and orbital inclinations. To connect these distributions with various models for t.he origin of comets as, for example, those ()f Lyttlet()11 (10S3) and of Oort (1 ()SO), it is necessary to understand the statistical and cumulative effects of cornet·-planet in tcractiolls. Indeed L vttleton and Hammersley (1963) used the then a~aih;Lle statistical information on these interactions in their study of the steady-state capture and loss rates among long period comets. There is some relevance to the study of Kresak (1966) on the commensurability of c~met r.eriods with the period of Jupiter and to the studies of Opik (1963) on the lifetime of comets. However, these latter two studies are concerned with repeated inter actions of periodic comets with Jupiter instead of single passages by many randomly distributed parabolic comets.
One may question whether observed long-period comets have random orLits. A nonuniform distribution with respect to argument of perihelion was accounted for in Paper II by observational selection effects, but some irregularities in the inclination distribution could not be so explained. Nonetheless, a random distribution of orbits is an appropriate and necessary assumption in the statistical treatment to be presented.
The present paper, Paper III of the sequence, uses computational procedures suitable to small and inter mediate-sized perturbations, but vvhich do not correctly apply to close encounters. A near collision with Jupiter that converts a long-period comet into a short-period comet requires different mathematical methods. These van de Hulst (1960) discuss the methods of calculating energy perturbations and derive the equa tions in careful detail. For almost all long-period comets it is sufficiently accurate to compute the changes in energy along an undisturbed parabolic path about the sun-even in those cases where the osculating orbit is known to be either an ellipse of long period or a hyperbola with eccentricity near unity. Of course there is it large-energy perturbation when a comet passes near a planet, but there are also oscillatory contri butions which persist as the comet is followed out to very large distances. These oscillations arise when the energy of the comet is referred to sun-centered co ordinates, because the sun is itself in accelerated orbital motion about the center of gravity of the solar system, i.e., the barycenter. [An interesting plot of the actual motion of the sun with respect to the barycenter during the period 195(}-1969 is given by Cleminsha w (1968).J A shift of origin to the barycenter is made at an arbitrary large distance and this removes these oscilla ti on s.
A. Dimensionless Equations An important advantage results when the equations arc set in dimensionless form. Then it is only necessary to work out the solution for one pla.net and, by scaling according to mass and orbit size, sum the effects of any number of actual planets. The actual total energy of a comet is -gmcm./(2a), but the significant quantity is the change in energy per unit mass of the comet. The other factors are constant and it is sufficientto calculate the change in 1/a. This is opposite in sign to the change in energy; when u= 11(1/a) is positive the comet loses total energy. When measured in reciprocal astronomical units (a.u.-I ) the perturbations are ordinarily very small compared to unity and some authors quote values referred to the 6th decimal place in u.
Dimensioned Scalars and Vectors
To take advantage of the dimensionless equations and the symmetries of the problem, a special coordinate system is appropriate here: Termed "System I", the X and Y axes are chosen in the plane of the orbit of the perturbing planet with the fixed X axis pointing from the sun to the position the planet has at the moment when the comet is at perihelion. Thus at time T= 0 the planet is crossing the X axis and the comet is at perihelion.
The dimensionless equations for the comet's position and velocity are (1) and (2) where 7J is found from Barker's equation 
B. The Calculation
The dimensionless perturbation U to be found here is proportional to the change in total energy of the comet during its entire orbit. To convert to this to u in a.u.-1 units, multiply V by the mass M of the planet in question (in units of the sun's mass) and divide by the mean radius of the planet's orbit (in a.u.) . This total perturbation V is the sum of Vb, the contribution received before perihelion, and Va, that received after perihelion. The perturbation Va is found from three terms, and Vb is found similarly. Thus,
V= Va+Vb,
and V b= 11'+ 12'+ 13'.
Here II is the contribution when the comet is in the vicinity of both the sun and the planet, from perihelion time T=O to an arbitrary time Te when the comet is well outside the orbit of the perturbating planet. 
and
In practice it is found that 13 is unimportant pro vided that the dimensionless time Tc is taken as large as 471' , corresponding to two periods of the planet.
Both II and 12 depend on the choice made for Te, but their sum, 11+12, is nearly independent of Te when Te is sufficiently large. The evaluation of II requires care because the integrand oscillates through positive and negative values irregularly and, indeed, a close approach to the planet produces two near cusps in the integrand-one positive, the other negative. The necessary integrations are here carried out numeri cally using Simpson's rule with steps of 1/24 period (or 180 days in considering Jupiter) when the comet is far from the planet. However, in cases where the comet approached the planet closely, the size of the step is halved repeatedly. When the computer senses a fairly close approach the steps are taken up to 256 times smaller (or every 0.7 day in considering Jupiter). References: a. b. c: Galibina (1958 Galibina ( . 1963 Galibina ( . 1964 ). respectively; d: Sekanina (1966b) ; e: Brady (1965) ; f: Barteneva (1965) .
The computation of the perturbation Vb before perihelion is carried out in a similar manner. It is necessary to change the sign of Te and 00 in the limits of integration and to insert a minus sign in front of Eq. (7) to obtain the appropriate equations for the incoming branch of the orbit.
C. Comparison with Previous Work
As a check on the procedure, the changes .1 (1 / a) are computed for a number of comets where such a compu tation has already been reported.
For a given comet, and for each 8 planets in turn, it is first necessary to compute the vectors P and S in coordinate system 1. The axes of the system are differ ently oriented for each planet and depend on the elements of the planet's orbit and its longitude in orbit at the time the comet is at perihelion. Circular orbits are taken for the planets and the dimensionless param eters established. Using Eqs. (5)- (8), V n is found for each planet n. The 8 contributions are added. Thus of energy changes U for long-period comets interacting with the sun and one planet including both the before-and after-perihelion branches of their orbits. The dimensionless perihelion distance is 0.2 the orbital radius of the planet, but the comet orbits are otherwise random. The quantity U is dimensionless, but the equivalent quantity u in a.u. for the case of Jupiter is indicated also. The curve is empirical, computed usmg Eq. (12) with the parameters listed for Q=0.2 in Table II. computer, so that it is unnecessary to neglect any planet.) The discrepancies seen in Table I between these values and those calculated elsewhere occur because here circular orbits are taken for the planets. It would be easy to replace Eqs. (4) by the correct equation for the planet's ellipse, but such refinement would not be in keeping with the present statistical study.
III. PERTURBATIONS CAUSED BY A SINGLE PLANET
Before adding together the effects of all planets it is necessary first to study the statistical effects of many random comets passing by one planet.
A. Symmetries
In coordinate system I the hypothetical comet has elements Q, WI, ~2I, iI, and the time of perihelion passage is zero. Here WI, nI, and iI are defined as for the usual elements-argument of perihelion, longitude of ascend ing node, and inclination--except that the plane of reference is the planet's orbit plane rather than the ecliptic, and the point of reference is the position of the planet when the comet is at perihelion rather than the vernal equinox. The subscript "I" will be omitted henceforth, system I being understood.
It is evident from symmetry that for every hypo thetical orbit [1J which has its perihelion point above the X, Y plane, there is a "mirror image" orbit [2J ",ith its perihelion point below the plane. 
U2= U1•
Another symmetry is subtle and more restnctIve: When the planet's orbit is circular, and there are two orbits such tha t
For this second kind of symmetry the change Ual occurring after perihelion in orbit [1J is the negative of the value U b2 occurring in orbit [2J before perihelion. {It turns out that at any particular instant -t before perihelion in case [lJ all displacement and velocity vectors relating to the comet; planet, and sun are in the same relative orientation as they are at the instant +1 after perihelion in [2J, except that the comet's velocity vector is reversed. The consequence is that for each element of the comet's path in [1J the differential change in total energy is the negative of that for the symmetrical element in [2] .} Kerr (1961) noted and made use of the sYIIlmetries of Eqs. (10) and (11) in his work.
The symmetry described in Eq. (11) has another consequence: Since for every orbit there is another orbit with an equal and opposite energy perturbation, the distribution of changes in energy for a large number of randomly oriented comets must be symmetrical and centered on zero. This is well known from other considerations-see Bilo and van de Hulst (1960), for example. Among actual comets, as tabulated by Brady (1965) and Sekanina (1<.>66a) , there is an excess of negative values of U. Probably this is a result of selection, as Lyttleton and Hammersley (1963) have suggested. (See Sec. lVC for fmther discussion of this.) In any case the theoretical average of zero for random comets is on a most sound footing. Note that here the discussion pertains to the total energy change including both the incoming and outgoing branches of the orbit. However the distribution of values Ua along the (say) outgoing branch alone are neither symmetrical nor centered on zero, as treated in Sec. IIIF below.
Anticipating the results of Paper IV, it is important to know that the symmetry result of Eq. (11) is of restricted validity and does not apply to the rare close encounters where there are large changes in energy and drastic changes in the comet's orbit. Indeed the U distribution is not symmetrical about zero if these rare cases are included.
B. Choice of Random Orbits
Two seLs of disLribu1 ions are to be found: Firs1 there are the cases wherein the perihelion distance Q is specified, but where the orbits are otherwise random.
Each orbit is specified by three different random numbers nl, ti2, 113, which are restricted to the range between -1 and + 1. As is well known, random inclina tions i have a distribution histogram that, for large populations, must vary as the sine of i. It is not diificult to show that i= arc cos(nl) generates such a sinusoidal population distribution of i values from the set of random numbers ni. The distribution in wand Q should be uniform, and the equations W=J127r and Q=1Z37r generate uniformly random values of each over the range -7r to + 7r.
The calculation of the change U in total energy is carried out for an orbit chosen in such a way, and a new set of 3 random numbers selects the next orbit, and so on. The second set of cases is more extensive since one of 18 perihelion distances Q and one of 14 different inclinations i are specified for each distribution, a total of 252 cases. Here the wand Q values must be chosen to cover their ranges, preferably at random. About 550 orbits are computed for each (Q,i) combination. A total of 18X 14X 550, or approximately 140000 orbits, are studied in preparing this second set of distributions.
[In preliminary trials the author, following Kerr (1961) , tried covering the necessary ranges of wand Q by using a grid with the same size steps in each of these angles. However, this was found to cause large spurious steps in the resulting U distributions. The difficulty may be seen by an example: Suppose that the si/:e of the grid steps is (say) 4° for both wand Q, and that the calculation is carried out for particular values (wo,Qo). It turns out that the several other combinations (wo+4°, Qo-4°), (wo-4°, Qo+4°), (wo+8°, Qo-SO), etc., all correspond to practically the same U values. The uniform grid does not pick a representative sample of orbits. The situation is very much better if the steps in wand n are not too simply commensurate with each other. This improved procedure was actually followed, using steps of 3.6° in wand 22.5 0 in Q (sometimes 4.5° in Q). The computation of the 140000 orbits was done first in point of time. From hindsight, that is from the later experience in computing the 46000 random orbits of the other set, and the many thousands of random orbits of Paper IV, it would have been better if the 140 000 orbits had also been chosen at random wand Q values. However several tri,ds showed the improve ment to be marginal and the 140000 calculations were not redone.] Table III. logarithmic scale is chosen for h to better show the less frequent large perturbations. It is only necessary to plot the positive side since the distribution is symmetrical about zero. This histogram is normalized to have unit area to the right of zero, but contains the statistics of 2000 orbits. Under the scale of U on the abscissa are shov.1.1 the values of u in a.u.-I that would apply if the planet were Jupiter.
One of the 252 distributions of the second set of cases is plotted in Fig. 2 , which shows the case where Q= 0.1 and i= 171 0. This is consillerably broader than the case illustrated in Fig. 1 ; ill fact, the distributions are always broader when they correspond to inclinations near 0° or near 180°.
Among the distributions there is a wide diversity in shapes, but it is not practical to show 252 diJ1erent figures. The most compact and useful way to summarize the results is to fmd an appropriate function which can be made to fit all cases, and then tabulate the param eters of that function.
Unfortunately the histograms do not fit a Gaussian or normal distribution because of the extensive tail found at large U values. Indeed the standard deviation, or root-mean-square (r111s) value of U, is sometimes 6 times larger than the median value of IU I, but this factor should be 1.5 for a Gaussian distribution. Kerr (1961) tabulated nns values obtained by neglecting the tail completely (treating the distribution as Gaussian), whereas van Woerkom (1948) gave some average values that included the tail. It is not surprising that these papers, though each correct in what they tabulate, appear to disagree with each other. 
D. Functional Fit to the Distribution in U
An appropriate function h(U) to fit these distri butions is
Jz(U)=G exp[-(el UI-D)2J+Fj[lf2+B2J3/2. (12)
The first term is a Gaussian expression whose width depends mostly on C. The D parameter shifts the center of the Gaussian and this helps accommodate a dip in the distribution often found near U= O. (See Fig. 2. ) In most cases D is set equal to unity. The symmetry about U=O is preserved because Eq. (12) has lUI as the variable. This first term adjusts the fit at small U values but quickly becomes negligible as U increases.
The second term decreases slowly and fits the tail of the distribution. At large U values (and within the framework of the present computation) it turns out that hC U) must vary as F j I U 1 3 , and this dictates the asymptotic dependence. The inverse cube dependence on U is derived in Paper IV, and there the parameter F is evaluated analytically. [This analytic solution for F applies strictly where Q is less than about 0.8 and where both the Qvalue and the inclination are specifted. When Q~0.8 then F is regarded as an empirical parameter and is adjusted for best iit at each value of Q and i. Having in hand a set of F values for all (Q,i) combinations it is easy to calculate a weighted average value of F to use in those cases where only Qis specified and where orbital inclination is random.]
The form of the second term is modified by the inclusion of a parameter B. The asymptotic dependence 
where erfc is the complement of the error function, that is, erfc(x) = 1-erf(x). The fitting procedure is explained in the Appendix. The solid lines in Figs. 1 and 2 show examples of the fit achieved using Eq. (12). The over-all shape is fitted well but not the small-scale irregularities. The adjust ment is such that the logarithm of the histogram fIts the logarithm of the curve as well as possible. Such a procedure gives as much importance to the few cases with large U values as to the many cases with small U values. An adjustment on a linear scale would have fitted better the many cases near U = 0, but would have given no information near the tail of the curve.
Since the FjUJ dependence which describes the tail of the curve is correct analytically, the results are valid to fairly large U values. However, as discussed in Paper IV, the 1jU3 dependence breaks down for the rare near collisions. There is a value Ud which is an approximate or order-oi-magnitude upper limit on the perturbation calculations of the present paper. When Q~ 1.0 these near collisions can occur and Ud is tabu 
E. Percentiles
The U values may be sorted and ranked according to percentiles and Fig. 3 shows the result for direct comets Thus the 1% contour at Q= 0.3 is seen to pass through U = 40; i.e., at this Q value and inclination 1% of all comets (with random wand 12) receive a positive U value of 40 or more. Very large positive perturbations (where comets lose total energy) are common near Q= 1, because it is possible there for the comet to accompany the planet for a sizeable portion of path.
Of course the methods of this paper break down completely at such large U values and the curves, shown dashed, are actually derived from the results of Paper IV. In that same dashed region there are comparatively few large negative U values. However, wherever the contour lines are drawn solid, Fig. 3 would be the same if drawn for negative U values. anticipate the results of Paper IV. Indeed, near Q= 1 for retrograde comets it is found that the large U values are predominantly negative. An over-all view of the percentiles can be seen in Fig. 6 for which only the Q value is specified and the orbits are otherwise random. This depicts the results of Table II. For example, the figure shows that 1% of all comets with Q values of 0.2 lose energy corre sponding to a U value of +10 or more. There are two maxima seen--a weak one at Q=O and a pronounced one at Q= 1. The upturn near Q= 0 is explained in Sec. IVD.
F. The Distribution in Uband Ua
Fabry (1894), Bilo and van de Hulst (1960) , and Sekanina (1966a) discuss:the average value of the energy changes Ub aJong the before-perihelion branch and U a along the after-perihelion branch, considered separately. 449X 10-6 a.u.-1 as discussed in Sec. lVe below.) In terms of the dimensionless quantities, the above single planet value is equivalent to the prediction that U b should be centered on -2 and Ua centered on +2, provided that Q is less than unity. That is, on the average, comets gain total energy before perihelion and lose total energy after perihelion. The example shown in Fig. 7 is for 2000 randomly oriented orbits that also have their Q values distributed. (The distribution of Q values corresponds to the q distribution of Table IV as applied to Jupiter.) The histogram of Fig. 7 is centered on +2. This histogram agrees with the predicted center value, gives a measure of the width of the distribution and shows that the distribution has a most unsymmetrical skewed shape. For large values of +Ua or -Ua it goes as 1/ / Ua /3. Further use of these results may be found in Sec. IVe.
IV. EFFECTS OF EIGHT PLANETS
A. Superposition
The effects of the several planets are additive as in Eq. (9), where it is seen that the U values for each planet are proportional to the ratio of its mass to its mean orbital radius. For Jupiter this ratio is 1.84X 10-4 • That is, U= 1.84X 10-4 U (15) Ua X 10-6au~~ JUPITER ALONE
FIG. 7. Number distribution of 2000
U a values, the dimension less changes in total energy after perihelion for comets in a solar system with one planet. The orbits of the cornets have entirely random orientation and their Q distribution is specified in the text. The before-perihelion values U b would be the same, statisti cally, except for a minus sign. formed by taking 1000 random orbits at specified q and i Of course a given actual orbit has different U values values. The effects of including Saturn and the rest of for each planet, but nonetheless the above sequence of the planets is found to be completely negligible com values is an over-all measure of the effect of each planet. pared to the statistical fluctuations in the ~Ionte Carlo In the calculation of a particular single orbit, as in the treatment of Jupiter alone. study of an actual comet, it is always necessary to
The result is that Tables II and III apply to the include both Jupiter and Saturn. To get 1% accuracy distributions for the entire Solar System. It is only it is clearly necessary to include at least 6 planets. 2000 orbits are considered. The requirement of all U = Ua+ U b, can be handled much more simply because orientations is met by lIsing for each orbit three random the center value is zero. Adding the effects of the several numbers to pick the orbit[tl angles, as described in planets therefore does not shift the distribution but Sec. IIIB. A fourth random number chooses the peri only changes its width. It is plausible that the effect helion distance. The result depends, to some extent, of the planets on the distribution width depends on the on the distribution assumed for the q values, and here, square root of the sum of the squares of these ratios. rather arbitrarily, is used the same q distribution as that If the width for Jupiter alone is unity, then the distri of the comets in Sekanina's catalogue (1966a Fig. 8 . The value
. The data on actual comets are to be found in Table F and Fig. 5 of Sekanina's catalogue (1966a) . These form the histogram in Fig. 8 drawn with a dashed line. The over-all agreement is good; indeed the chi-square test shows that such agreement would be expected in about half the cases if it were possible to make repetitious measurements of this distribution.
C. Comparison with Data: U a and lib Distributions
As noted already, these distributiolls are not centered Oil zero, and it is therefore important to illclude the effects of all the planets. Eight Ua distributions (such as Fig. 7) and Neptune, and 500 each for l\fercury and Mars). To each of these is applied the appropriate scale factor (mp/ap) to convert to an analogous quantity U a measured in reciprocal a.u. A simple Monte Carlo procedure, which samples each distribution 6000 times, combines these into a single distribution. The result is the histogram dra",'1l as a solid line in Fig. 9 . It is difficult Lo speak meaningfully of the standard deviation and other moments of the computed distri bution. The reason is a long 1/ I[T I:J tail on both the left and the right caused by moderately close encounters of comets with planets. Indeed, of the 6000 values forming the histogram there are ()O too far on the left and 41 too far on the right to be shown on the figure, and some 28 would still be off the graph if the abscissa were extended another 1000 units of 10" a.u.-l each way. Including or not including these tails can make a difierence of a factor of 4 in the standard deviation. If one, quite arbitrarily, cuts off these tails at the bound aries of Fig. <J , then the average is here found to be 418X W---6 a.u.-l . A theoretical average obtained by Fabry (1894) is 449X 10-6 a.u.-l , and later determi nations (all close to these values) are discussed by Sekanina (1966a) in Tables 12 and 13 of his catalogue. Of more interest is the width and asymmetry of the dis tribution. With the tails cut 011 as described, the standard deviation u and the dimensionless moment coefficient of skewness s [defined by (1/N)L: (ua - ita )3/ ( 3 )] are calcu lated. These values for the computed distribution are the first entry in Table V. The histogram traced by the dashed line in Fig. 9 is the U a distribution for 70 comets in Sekanina's catalogue (1966a) . The second entry in Table V gives the moments of this U a distribution and there is fairly good agreement with the three computed values. Also shown in Fig. 9 , using the dotted line, is the negative of the Ub histogram for 81 comets in the catalogue. (All three histograms are normalized to the same area.) The third entry in Table V gives the same moments for this (negative) Ub distribution. Here the values do not agree so well, in fact the skewness agrees not at all.
The chi-square test compares the computed histo gram with that for Uu in Fig. 9 . The fit is reasonably good, and the test concludes that such a fit would be expected in perhaps 50% of the cases if it were possible to repeat the comparison many times using new sets of comets. However, another chi-square test comparing the computed values with the Ub values indicates no agreement whatsoever. Not one time in a thousand would such a poor fit to the computed histogram be expected on statistical grounds.
Except for the minus sign, the Uu and Ub distributions in theory should be the same (within statistical fluctua tions), but this is seen not to be the case for the data available. Despite its disagreement with the Ub data, the author sees no reason to doubt tl1e theory. The Ub dis tribution for the 81 comets apparently has too many large (negative) values. This is the cause of the cata logued excess of U values (where U= ua+Ub) already mentioned in Sec. InA. Tbe probable explanation is the selection effect suggested by Lyttleton and Hammersley (1963) . Tbey point out that those comets which have gained an above-average amount of total energy before perihelion (and therefore have hyperbolic osculating orbits and large negative Ub values) are just those most likely to be selected for detailed study because of the interest in possible hyperbolic original orbits. Comets so selected wOllld not have a typical distribution of Ub values, but the 11" values for the same comets would be more representatiYe.
D. Correlation of Ua and Ub
It is interesting to inquire whether the value of Ua is statistically correlated with the value of -Ut> for the same orbit. A scatter diagram of individual Ua and -Ub values, compared orbi t by orbit for thousands of hypothetical random comets does show a kind of correlation in some cases.
For very small Q values there is a kind of "construc tive illterference." Tbe trajectories ~Lre such that it comet which passes fairly near the planet on its inbound path is also likely to pass fairly ncar the planet on its outbound path: Apparently the relative paths are such that if it loses total energy on the inbound crossing it is also likely to lose total energy on the outbound would otherwise expect. The upturn near Q= 0 in Fig. 6 llustrates the effect. For Q=0.500 and extending up at least as far as Q= 0.850 the correlation study indicates that a comet which loses more total energy than average before perihelion is also likely to gain more total energy than average after perihelion. This partial cancellation causes the height of the distributions at moderately large U values to be somewhat less than they would other wise be. Despite these effects, the author could find no over-all correlation effects that would apply to random orbits where there is a wide distribution of Q values.
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1. In several places, there are irregularities in the progression of coefficients from one entry to the next. It would be possible to s11100th these, but in every case where this was tried the goodness-of-fit, as measured by least-square criteria, was worsened. The decision is to give the best fit to each distribution regardless of these jumps in the coefficients. There is the possibility that some of these can represent fairly sudden changes in the shape of the distribution and are not merely statistical fluctuations.
2. In an interpolation to find the coefficients for cases where Q and i are between those tabulated, it is best not to interpolate G, but preferable to recompute it using Eq. (13) and the new values of C, D, F, and B. This prevents loss of exact normalization.
3. When Q> 1, the sharp cutoff at Urn causes compli cations in preserving normalization. Equation (13) is replaced by the more complicated expression given below in Eq. (Bl), and the cases where G=O then requires that F be normalized using Eq. (B2) below.
APPENDIX B: CURVE FITTING
To fit the empirical parameters C, D, and B it is best not to work with the h histogram of Figs. 1 and 2 which is rather irregular, but to use instead an integrated histo gram g, which is much smoother. Let g(U)=N(U)/NT, where N (U) is the number of cases for which U is equal to or greater than a given U value, and where .VT is the total number in the sample. An equivalent analytic expression for g is readily obtained by inte grating Eq. (12), since g(U)= fu"" Jz(U)dU also. It is best to fit the logarithm of the g histogram to the logarithm of the analytic expression for g. This pro cedure gives greater weight to the moderately rare large perturbations. A nonlinear least-square method is used.
When Q> 1 the sharp cutoff in h( U) at Um requires g( U) be there defined as g( U) = fu Um h (U)dU. This gives a more complicated analytic expression for g and the normalization equation is also more complicated. In particular, Eq. (13) 
